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1 Foreword 

■ 

In this paper we shall be concerned with generalizing the ideas of 'metric' and 
geodesic for a complex manifold M: we emphasize that our curves will be 
complex ones; a metric will be, informally speaking, a symmetric quadratic 
form on the holomorphic tangent space at each point p G M, holomorphically 
^ ! depending on the point itself; of course, it couldn't have any 'signature', but, 

tJ- I by simmetry, it induces a canonical Levi-Civita's connexion on M, which in 

^ I turn allows us to define geodesies to be auto-parallel paths. We illustrate 



X 



O ' some motivations (see ||DNF|| p. 186 ff): consider the space of antisymmetric 

covariant tensors of rank two in Minkowski's space Mi^s: electromagnetic fields 
! are such ones. Let F G JF: we can write F = J2i<j Fijdx^ A dx^ where x^...x^ 

^ I are the natural coordinate functions on Ri_3. At each point, the space jFp of all 

tensors in JF evaluated at p is a six- dimensional real vector space; moreover, the 
adjoint operator * with respect to Minkowski's metric is such that ** = —1: all 
these facts imply that J-'p could be thought of as a complex three dimensional 
vector space Qp by setting {a + ib)F = aF + b*F. Now * is S0{1, 3)— invariant, 
hence 50(1, 3) is a group of (complex) linear transformations of Qp, preserving 
the quadratic form {F, F) = — * {F A {*F) + iF A F): this means that this 
'norm' is invariant by Lorentz transformations, hence it is of relevant physical 
interest. If we introduce the following coordinate functions on Qp-. = Fqi — 
iF23, = Fo2 + iFvi and = Fqs - iFi2, we have that {F, F) = {z^Y + 
{z'^Y + (z^Y, hence there naturally arises the so called complex-Euclidean 
metric on C^: on one hand, by changing coordinates we are brought to a 
generic symmetric bilinear form on C^; on the other one there arise 'poles' if 
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we attempt to extend the above construction e.g. to (P^)^. Now the idea of 
generahzing to the curved framework is quite naturah the reader is referred 
to section ^. Our main concern will be warped products of Riemann surfaces: 
let ~ D or ~ C, with coordinate function and metric bi{u^) du^ du^ 
or fi{u^)du^ du^ if z > 2; both bi and the /j's are nonzero meromorphic 
functions. A warped product of the {Wj}'s will be a meromorphic Riemannian 
manifold (see definition B.ll) 



N N 



Y[l{i,bi{u^) du' du' + ^ai(M^)/i(u*) du' du' 



=1 i=2 



where the a^s {k > 2) are nonzero meromorphic functions (called warping 
functions) defined on Ui. This construction can be naturally generalized to 
the case when the {Wj}'s are more general Rieman surfaces. We report that 
many of the known exact solutions of Einstein's field equations can be related, 
by means of 'complexifications', to such manifolds. 

We introduce the concept of coercivity of a warped product: informally speak- 
ing, it will amount to the fact that primitives of 'square roots' of some rational 
functions of the coefficients involved in the metric can be analitically continued 
until they take all complex values but at most a finite number of ones. 
Geodesies will show various types of 'singularities': we record, among the other 
ones, 'logarithmic' singularities: they will be, more or less, points resembling 
in connection with z ^-^ log 2;; rather more formally, a 'logarithmic singularity' 
i will be a point in a two dimensional real topological manifold, admitting 
a neighbourhooud U such that U \ {£} is a Riemann surface, but there is 
no complex structure 'at' i: this type of singularities arises from the fact 
that geodesic equations admit first integrals whose solutions have poles with 
nonzero residues. 

We introduce the notion of completeness: a path will be essentially a holomor- 
phic function F: S ^ M, where is a Riemann surface over a region of P^, 
admitting a projection mapping n: S ^ P^: it will be complete provided that 
P^ \ 7r(S') is a finite set: we are now able to attemtp to give a hazy idea of our 
main result. Theorem: a warped product of Riemann surfaces is complete (i.e. 
'almost every' geodesic is complete) if and only if it is coercive. 
The last statement resumes the meaning of theorems |4.4|, ^.10| and |4.11|, whilst 



definition of completeness is in |3.10| and of coercivity in [4.2| . We end this section 



with some references: the problem of geodesic singularities arises from semi- 
Riemannian geometry: see e.g. |PEH]| ; a different approach to holomorphic 
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geometry could be found in ||MA1N ] . Finally, we owe ||LEB | for the definition 
of a nondegenerate holomorphic metric, of a connexion (see p. 11 ff) and of a 
complex geodesic (see p. 12 ff). 



2 Analytical continuation 

The idea of analytical continuation of a holomorphic mapping element / : 
U M ( W is a region in the complex plane, throughout this paper will 
be a complex manifold) is well known and amounts to a quintuple Q]\^ = 
{S,TT, j, F, M), where 5* is a connected Riemann surface over a region of P^, 
TT : S — > C is a nonconstant holomorphic mapping such that U C vr(S'), 
j : U — > S* is a holomorphic immersion such that vroj = id\u and F : S — > M 
is a holomorphic mapping such that F o j = f. Each finite branch point is 
kept into account by the fact of lying 'under' some critical point of vr; it is a 
well known (see e.g. ||CAS|| , chap. 6) result that there exists a unique maximal 



analytical continuation, called the Riemann surface, of (W, /). In the following 
we shall abbreviate 'holomorphic function element' by 'HFE' and 'holomorphic 
function germ' by 'HFG'. For further purposes, we shall consider also 'poles' 
and 'logarithmic singularities': our definitions will axiomatize the behaviour 
of continuations of complex-valued holomorphic elements. 

Definition 2.1 A pole of Qjyj is a decreasing sequence of open sets 
{yk}k>K C S such that there exist a positive integer n and a point Zq G 
P^, such that • (PI) for every k > K Vk is a connected component of 
n-\D{zo, i) \ {^o}), • (P2) for every k n\v, : \4 iD{zo, i) \ {zo}) 

is a n-sheeted covering and • (P3) ClkyK^k = •(P4) there exist: an open 
set Q C M; complex submanifolds N G Q and P G Q {dim{P) > 1) 
such that Q and N x P are biholomorphic; for every k, F{Vk \ {p}) G Q 
prioF : Vfc — > N has a removable singularity at p and riA:>i<: P^2 ° ^i^k) = 
a logarithmic singularity (in the following: L-singularity) q of Q]\/[ is a se- 
quence of decreasing open sets {Vk}K>K of S such that there hold (PI), 
(P3) and • (LS2) for every k > K and every (real) nonconstant closed path 
7 : [0, 1] — > D{zQ,l/k)\{zQ}, with nonzero winding number around Zq, every 
lifted path j3 : [0, 1] — > 7t^^{D{zo, 1/k) \ {zo}) with respect to the topological 
covering vr is not a closed path, i.e. /3(0) 7^ /3(1); q is • (RMLS) a removable 
L-singularity for if there exists rj G M such that C\j.F{Vk) = {r]}; • (PLS) a 
polar L-singularity for F if there exist: an open set Q G M; complex sub- 
manifolds N G and P C {dim{P) > 1 ) such that and N x P are 
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biholomorphic; for every k, FiVk \ {p}) C Q; pri o F : Vk — > N has a 
removable singularity at p; r\k=>KP^'2 ° Fi^k) = 0; 

It is easily seen that {L-singularities} f] {poles } = and that S: = SU {poles 
of Q]\/[ } has a canonical structure of a Riemann surface and vr admits a 
holomorphic extension vf to S*, hence an extended analytical continuation of 
(f/, /) is a quintuple Qj^j = ("S", vf, j, F, M), where S and tt are as above and 
j = idg^g o j; of course there exists a unique maximal extended continuation 
of {U, /), build up as above, starting from its unique maximal continuation. 
Consider now the set B of the L-singularities of Qjyj;- set S"" = S" U -B as a 
set and introduce a topology on S*^: open sets are the open sets in S and a 
fundamental neighbourhood system of the L-singularity q = {Vk}k>K G -B is 
yielded by the sets = Vk\J{q}. 

Lemma 2.2 admits no complex structure at g = {Vk}k>K- 

Proof: were there one, we could find charts (W, (p) around q and (V, tp) around 
Zq such that ip o n o (p^^^Q = ('^ for some integer > 0. This fact would 
imply vr|w\|g} to be a n-sheeted covering of V \ {-^o}; it is easily seen tha this 



fact would contradict (LS2) in definition p]T. 



Lemma 2.3 (A): n admits a unique continuous extension tt" to S*^; (B): for 
every removable logarithmic singularity r of Qj^, F admits a unique contin- 
uous extension F^ to r. 

Proof: (A): letb E B and {V^} be the sequence spotting b: define 7r'*(g) = n{q) 
if q E Vk and TT^{b) = zq, where Zq is the common centre of the discs onto which 
the V^s are projected. Now vr" is continuous at all points in Vk, moreover, for 
every neighbourhood G of zq, ~^{G) D vr" ""^(^^o) \ {-^o}), hence, if 

we set H = {b} \J 7r^^(G \ {-Zq}); we have that if is a neighbourhood of b in 
such that 7r^{H) C G, proving continuity at b. Arguing by density, we conclude 
that this extension is unique; the proof of (B) is analogous. ■ 



Definition 2.4 A quintuple = {S\ n\ j\ F\ M) , is an analytical con- 

tinuation with L-singularities of the function element {U, f) if there ex- 
ists an analytical continuation Qjyj of (f/, /) such that \ S consists 
of L-singularities of F, vr'' is the unique continuous extension of vr to S\ 
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j'^ = idg o j and F admits a unique continuous extension to \ 

{polar logarithmic singularities of F}. Q^j\^ is: maximal provided that so is 

Q]\^ and Qjy \ Qm contains all L-singularities of Qjy; extended provided 
that so is QjVf- 

Lemma 2.5 1): let / and g be two holomorphic germs each one inverse 
of the other; let {R,n, j, F.C) and {S, p,£,G,C) be their respective Riemann 
surfaces: then F{R) = p{S); 2): let /, g, h be three HFG's such that / o 
g — h. Let [R, TT,j, F, C) be the Riemann surface of /, [S, p, £, G, C) the one 
of g and (T, cr, m, H, C) the Riemann surface with L-singularities of h: then 
F{R)\{^'\{a{T)))^p{S). 

Proof: we shall prove only 1); 2) is analogous, a) F{R) C p{S): let ^ G i? and 
F(^) — T]] there exist: an open neighbourhood Wi of ^; open subsets U2 C 7r(Wi) 
and V2 C F{Ui) and a biholomorphic function (72 : V2 — W2, with inverse 
function /2 : W2 — > V2 such that: (^25/2) and {U,f) are connectiblc and so 
are (V2,5'2) and {V,g). By construction there hence exist two holomorphic 
immersions j : U2 — > -R and i : V2 — > 5* such that n o j = id and po i = id. 
Let Vi = -^(f^)i and E = {(a;,?/) G Wi x V2 : -F(x) = y}; moreover let 
J : V2 — ^ S be defined by setting J{v) = {jog2{v),v). Then (E,pr2, J, Tropn) 
is an analytical continuation of (V2, (72); indeed tt o pn o J = tt o j o g2 = g2. 
But (Vg, (?2) is connectible with {V,g), hence (S,pr2, J, Tropri) is an analytical 
continuation of {V,g). There eventually exists a holomorphic function h : 
E — > S such that p o h — pr2'- hence r] — pr2{^, rj) ~ p o h{$,, rj) e p{S). b) 
p{S) C F{R): let s e S: there is a neighbourhood of s in 5" such that 
consists entirely of regular points both of p and G, not excluding that s itself 
be regular for p or G or both. This fact means that for each s' G V" \ {s} there 
exists a HFE (p(s'), V, ^^s') connectible with (V, g) and, besides, a holomorphic 
immersion ^ : V' — By a) already proved, G{s) G tt{R), hence there exist 
p E R such that 7r(p) = G{s) and a neighbourhood of p in it! such that 
T^~^{g{y))nW ^ 0. Set W = 7r~\giV'))r\W: wc may suppose, without 
loss of generality, that vr is invertible on W: hence there exists a (open) 
holomorphic immersion j : g{V') — > W. Therefore, for each ( G j{g{V)), 
there exists rj G i{V') such that F{() = F{j ogo p{r])). Now, by definition of 
analytical continuation there holds F o j og — id, hence we have = piv)- 
Consider now the holomorphic function 'E. :W xV — > C defined by setting 
5(w,'y) = F{w)-p{v): we have (Hly^^^,^^^^^^,^ = 0, but 3{g{V)) x i{V) is an 
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open set inWxV, hence 'E = OonWxV, which in turn imphes F{p) = p{s). 
Therefore we have proved that for each s E S there exists p & R such that 
F{p) = p{s): this eventually implies that p{S) C F{R). m 

3 Complex-Riemannian metric structures 

Definition 3.1 Let £^ be a closed hypersurface in M: an S-meromorphic 
section of T^^iV is a holomorphic section A of 7^*(M" \ such that for every 
p E £ and every chart (W, [z^.-.z^)) around p, there exists a neighbourhood 
U of p and r ■ s pairs of C— valued holomorphic functions (f)ij^„,ir, '4'h-..is^ with 
i)i^,„i^ ^0 on U\S, such that A (dz^\..dz^% A- A) = fcj- ^ complex 
metric on M is a symmetric section of T^M. It will be called liolomorphic 
or S-meromorphic provided that so is as a section; A is nondegenerate at p 
if rk{A{p)) = dim{M), degenerate otherwise; if I> is a closed hypersurface 
in M and A is degenerate only on V, we shall say that A is P-degenerate. 
We say that p is a metrically ordinary point in M if A is holomorphic and 
nondegenerate at p. A holomorphic (rcsp. nondegenerate holomorphic, resp. 
meromorphic) Riemannian manifold is a complex manifold endowed with a 
holomorphic (resp. nondegenerate holomorphic, resp. meromorphic) metric. 

We now turn to introducing the holomorphic Levi-Civita connexion induced 
by a meromorphic, possibly degenerating metric. First we need to introduce 
the holomorphic Levi Civita connexion induced by a holomorphic nondegen- 
erate metric: this is done in a quite natural way. Things are different if we 
allow metrics to be meromorphic behaviour or to lower in their ranks. These 
metric 'singularities' will be generally supposed to lie in closed hypersurfaces; 
Levi Civita connexions may still be defined, but, as one could expect, they 
will turn out to be themselves 'meromorphic'. Let now {N,A) be a mero- 
morphic Riemannian manifold admitting closed hypersurfaces V and S such 
that A|jY^g is holomorphic and Aj^^^^^^^ is nondegenerate. Since N \ £ 
is connected, we have that {N \ S) \ M(^N\s)\v ^ nondegenerate holo- 
morphic Riemannian manifold admitting, as such, a canonical holomorphic 
Levi-Civita connexion D. Now, if p e T>[jS and V,W are holomorphic vec- 
tor fields in a neighbourhood V of p we can define the vector field DyW 
on V \ {T>\J£), and this will be a D (J ^—meromorphic vector field. The 
ChristofFel symbols of a coordinate system Z = {z^ ■ ■ ■ z^) on an open set 
U <Z N are those complex valued functions, defined onU\{T>\J£) by setting 
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r^- = dz^ {D _d^[^)) . Now the representative matrix [gij] of A with respect to 
the coordinate system Z is holomorphic in with nonvanishing determinant 
function o\iU\{T>[}£)\ as such it admits a inverse matrix g^^ , whose coeffi- 
cients hence resuh in being T) IJ £^-meromorphic functions. It is easy to prove 
that D^iXrU^'ii) = Er=i(l? +Ef=irf,W^^)afF as meromorphic vec- 

dz''- 

tor fields and 2rJ,. = Em=i9''"'{-9ij,m + 9im,j + 9jm,i) = '^^ij as meromorphic 
functions; then: 

Proposition 3.2 For every pair V,W of holomorphic vector field on the 
open set U (belonging to a maximal atlas) in the meromorphic Rieman- 
nian manifold (iV, A), DyW is a well defined vector field, holomorphic on 
U f]{n e iV : A is holomorphic and nondegenerate at n} and may be extended 
to a meromorphic vector field on U. 

Proof: there exist holomorphic functions {V^}, {W^ and a coordinate system 

Z = (-1 z^) on U such that V = Ejli and W = Ef=i The fact 

that DyW = EliVW^iE^W^i^) = Eti(E5=i^^(^ +H^^))af^ 
ends the proof. ■ 

Definition 3.3 Given a X>-degenerate and £^-meromorphic Riemannian man- 
ifold {N, A), with V and £ closed hypersurfaces in N, the Levi-Civita metric 
connexion (or meromorphic metric connexion) of N is the collection consisting 
of all metric connexions {D [Ui \ {V\JS)]}i^i as U}i runs over any maximal 
atlas B = {{U}i)i^i on N. 

3.1 Meromorphic parallel translation and geodesies 

We now slightly reformulate the notion of path to cope with the complex 
environment: a path in M is a quintuple Q]\j = {S[j,7i,j,F,M), where 
5" is a connected Riemann surface, tt G H{S,¥^), F e 'H{S,M) and j is a 
holomorphic immersion j: U — > 5* \ S such that n o j — id\u, where f/ is a 
region in the complex plane; a path is ^q— starting at m provided that zq &U 
and F o j^zq) = m. 

In the continuation, we shall call TM (resp.T*Ai") Af's holomorphic tan- 
gent (resp. cotangent) bundle and, more generally, its holomorphic 
r— covariant and s— contravariant tensor bundle; as usual, 11: T/M — > M 
will denote their natural projections. We now define the velocity Geld of a 
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path Q]\/[ as a suitable meromorphic section over F of the holomorphic tan- 
gent bundle TM: to achieve this purpose, we need to lift the vector field 
d/dz on C with respect to tt; of course, in general, contravariant tensor fields 
couldn't be lifted, but we may get through this obstruction by keeping into 
account that C and S are one-dimensional and allowing the lifted vector field 
to be meromorphic. We call P the set of branch points of tt. 

Lemma 3.4 there exists a unique P-meromorphic vector field d/dz on S such 
that, for every r & S\P, TT^\r{d/dz\r) = {d/dz)\.„{r)- 

Proof: consider u = TT*dz and A = TT*{dz dz) on S: the latter establishes 
an isomorphism between the holomorphic cotangent and tangent bundles of 
S\P. Call V the holomorphic vector field corresponding to u in the above 
isomorphism: we claim that V — d/dz on S \ P. To show this fact, we 
explicitely compute the components of V with respect to a maximal atlas B — 
{(UvXv)} for S\P: let uj{^^) i = uj{d/dC(u)), g(u) ii = l^{d/dC(v),d/dC{v)); then, 
set V(J,-) = u;(iy) i/ g(v) 11 the collection \{Uv, ^(1))} of open sets and holomorphic 
functions is such that, on overlapping local charts (t/a, C,a) and ([4, ^t), we have 

yl ^ "^(g) 1 ^ ^(6) l(^C(6)/^C(a)) ^ yl ^C(a) 
^(a)ll ^(6) ll(rfC(6)M(a))^ ^C^ ' 

that is to say that collection defines a holomorphic vector field. Now for every 
reS\P, 

.1 / I jT:? I X * . I /j77 I \ 'K*dz\r{d/dC\r) 

dz\^(r){'K^\rd dz\r) = TT dz\r{d dz\r) = — = 1, 

dz\^(^r){'J^^d/dQr) 
hence T:^\r{d/dz\r) — {d/ dz)\T^{r)-i proving the asserted. 

Let's prove that d/dz may be extended to a meromorphic vector field on S: if 
p & P then we can find local charts {U,ip) around p, {V,(f)) around 7r(p), and 
an integer > such that o tt o ip'^i^u) = . Now we have 

(V'-' *7r*(l)*{dw)-^){u) = rf^(0,7r,C'|^)k) = dw{{(l>nij-'y-^)) = Nu""-'; 

but (f) and ijj are charts, hence 'ri*dz itself is vanishing of order N — 1 at p; 
as already proved, n^\r{d/dz\r) = {d/dz)\T,(^j.^ on U \ {p} and, consequently, 
{7r*dz){d/dz) — dz{7r^) — dz{d/dz) — 1 on U \ {p}, hence on U. Now, in 
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local coordinates, {7i*dz) = adcj) and d/dz = yd/dcj), where a is a holomorphic 
function on f/, vanishing of order N — 1 a,t p and ?/ is a holomorphic function 
on f/ \ {p}. By the argument above, ya = 1, hence y has a pole of order 
N — 1 aX p: a similar argument holds for each isolated point in P, proving the 
meromorphic behaviour of d/dz. ■ 



Lemma 3.5 The mapping r i — ^ (F, F*|r(^|r)) may be extended to a P- 
meromorphic section of TM over F. 

Proof: let p G P and f/ be a neighbourhood of p such that there exist a 
local chart C '■ U — > and holomorphic functions f,g on C,{U) such that 

llc-i(f/) = C'(f (^)£U); for every local chart * = {u^-^ ,du^-^) on TM, 

(7 dw 

= mo{FoC\w)J-{w)^{FoC'){w)) 
g dw 



FC\w),^{w)^{u' -'^ o F oC'){w)] 
g dw J 



Definition 3.6 The velocity Geld of a path Q]\/[ = {S,7[, j, F, M) is the 
meromorphic mapping V^(<5jvf )• 'S'\P — ^ TiW defined by r i — > (P, P*|r(^|r)) 

We turn now to study vector fields on paths: an obvious example is the velocity 



field, defined in definition p.6| : just as in semi-Riemannian geometry, there is a 
natural way of defining the rate of change X' of a meromorphic vector field X 
on a path. We study at first paths with values in a nondegenerate holomorphic 
Riemannian manifold M: let Q]\/[ = {S,'n',j,'y,M) be a path in M; P be 

the set of branch points of vr; r G 5 \ P be such that d/dz is holomorphic 
at r, V C S* \ P be a neighbourhood of r such that 7(V) is contained in a 
local chart in M; H(V) be the ring of holomorphic functions on V and X^{V) 
the Lie algebra of holomorphic vector fields over 7 on V: it is well known 
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that there exists a unique mapping Vy-.X^iV) — > X^iV), caUed induced 
covariant derivative on Qjf^ such that Vy(a-Z'i + = aVyZi + 6VyZ2, 

Vy(/iZ) = {£h)Z + hVyZ, h e n{V) and Vy(y o 7)(r) = , ^T, 

where y is a holomorphic vector field in a neighbourhood of 7(r). Moreover, 

J {X, Y) = (VyX, Y) + {X, Vyy) X,Ye X^{V). Now let 71 = {Vfcjfcei^ be 
a maximal atlas for S \P; we may assume that, for every k, maybe shrinking 
Vfe, 7(Vfe) is contained in some local chart Ui in the already introduced atlas 
A for M. 

Now, if Vi and V2 are overlapping open sets in TZ, Vi fl V2 G 7?. too, and 
Vy [Vi] |viQv2 ~ Vy [V2] lvif|V2- Now let's complete TZ to an atlas S for 
S: keeping into account that the local coordinate expression of the induced 

covariant derivative is VyZ = Er=i(J^'' + EZ=i ^ijii^' ° hence 
pairs of holomorphic vector fields on 7 are transormed into P-meromorphic 
vector fields on 7. 

Definition 3.7 The P-mcromorphic induced covariant derivative, or the P- 
meromorphic parallel translation on a path Qjyj = {S,n, M) with set of 
branch points P and taking values in a nondegenerate Riemannian manifold 
M is the collection consisting of the induced covariant derivatives Vy [V^ \ P] 
as Vfe runs over a maximal atlas S — {{Vk})keK on S. 

Let's turn now to dealing with meromorphic parallel translations induced on 
a path QjY = {T, g,j,S,N), in a meromorphic Riemannian manifold (AT, A) 
admitting closed hypersurfaces V and S such that A| jyy^- is holomorphic and 
^\{N\€)\v nondegenerate. We set JF = V[jS and restrict our attention 
to paths zo-starting at metrically ordinary points, supposing, without loss in 
generality, that zq = 0. 

Lemma 3.8 Set M = N \ T, S = 6-^{M): then T \ S is discrete, hence S 
is a connected Riemann surface. 

Proof: suppose that there exists a subset V C T\S admitting an accumulation 
point t G V and consider a countable atlas for B = {Un}neE ^ such that, 
for every n, there exists G 0{{Un}) such that f] ^ = G ?7„ : = 0}. 
Set 5~^{Un) —TnCT and suppose, without loss of generality, that S{t) G Uq. 
Now ^0 ° (^IvnTo — and t G V fl Tq is an accumulation point of V fl Tq , 
hence \&o ° ^Wo = and S{To) C J-'. Suppose now that Tjv 7^ for some 
N: we claim that this implies S{T]sf) C to prove the asserted, pick two 
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points To G To and r„ G T„ and two neighbourhoods Tq, of Tq and r„ in 
To and T„ respectively, such that ^1^^ and are biholomorphic functions. 
Now the function elements (^(To),(5 o {g\T^)~^) and (^(T^),5 o {g\T'j^)~^) are 
connectible, hence there exists a finite chain {IVi/}i/=o...L such that Wq = f?(To), 
Wl = ^?(T^), WuC\Wu+i 7^ for every i/. Without loss of generality, we may 
suppose that each Wy admits a holomorphic, hence open, immersion — > T, 
hence, setting 5*0 = Tq, = i\{W\) for A = 1...L, S^^i = Tj^ yields a finite 
chain of open subsets {5'a}a=o...m of T connecting To and T/y. Let's prove, by 
induction, that, for every A, S{S\) (Z T . •At Grst recall that S{So) C UoC\J^ 
as already proved; suppose now that 6{Sk-i) C J^. We have Sk-i fl •S'fc 7^ 0, 
hence S{Sk-i) Cl^iSk) 7^ 0. For every m set Ekm = S{Sk^i) C\6{Sk) ClUm- if 
T,km 7^ 0, then "^m ° 5\s~^Y;^^)f>^Sk.rf]Sk = 0' ^ut f] fl 5'a,. is 

open in S-^{5{Sk) HU-m) f] Sk, thus o 5\s~i(^s(Sk)r\Um)r\Sk = 0' ^^^^ to 
say 6{Sk) f] Um C JF. • On the other hand, if = 0, but S{Sk) U 7^ 
we claim that S{Sk) fl Um C as well: proving this requires a further in- 
duction: pick a [/m such that Ti^m 7^ and a finite chain of open sets 
B' = {U'^}^=o,„j C B (with U'^r\5{Sk) ^ for each /i) connecting ?7m 
and Um- Since S^/ 7^ 0, 6{Sk)r\Uo = S{Sk)r\UAi C J"; suppose by in- 
duction that 5{Sk)r\U'i_i C J^: then o S\5-^siSk)nui_^nui)nSk = 0. hence 
^/ o ^Is-iC^CSfc)^^/)!^^^ = 0, i.e. 5(5*^)0 1^/ C J^: this fact ends the induc- 
tion and eventually implies 5(5'fc) f] Um = S{Sk)r\Uj C JF. Summing up, 
5(5*^) = iJmi^iSk) nUrn) C JF, for each k; hence ^(Ttv) = 5(5'm) C and 
eventually (5(T) = (^(UAreN^Af) *^ -^j hence 6 couldn't start at a point in 
N\J^. m 

In the following considerations, there will still hold all notations introduced in 
preceding lemma: given a path Qj^ = (T, g,j, S, AT), set vr = g\s, 7 = S\s and 
note that, since Qjy is starting from a metrically ordinary point m, j may be 
supposed to take values in fact in S; since the preceding lemma shows that 
is a connected Riemann surface, Qj^j = {S, it, j,S\sM) is in fact a path 
in M, which we call the depolarization of Qjy. But M is a nondegenerate 
holomorphic Riemannian manifold, hence if P is the set of branch points of 
TT, there is a P-meromorphic induced parallel translation on Q]\/[, built up as 
in definition |3.7| . Finally, we introduce a maximal atlas T for T and yield the 
following: 

Definition 3.9 Let (A/", A) be a meromorphic and P-degenerate Rie- 
mannian manifold, M = N \{T>[jS), Qjy = {T, g,j,6,N) a path: the 
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(P U S^^{V U S))-meromorphic induced covariant derivative on Qjy is the col- 
lection consisting of all induced covariant derivatives [Vk fl '5'] as Vk runs 
over a maximal atlas T = {{Vk})k£K for T and Qjyj = {S,n,j,6\sM) is the 
depolarization of Qjy. A meromorphic (in particular, holomorphic) vector 
field Z on a path is parallel provided that VZ = (as a meromorphic vector 
field). A geodesic in a meromorphic (in particular, holomorphic) Riemannian 
manifold is a path whose (meormorphic) velocity field is parallel. 

The local equations "'^ + j:f,j=i'^ij{^) P ^ = 0,k = 1 of elements of 

geodesies {U, P) are a system of A^ second-order o.d.e.'s in the complex do- 
main, with meromorphic coefficients, in turn equivalent to an autonomous 
system of 2N first-order equations; as a consequence of general theory (see 
e.g. [|H1L| ], th. 2.2.2) for every metrically ordinary point p G M, every holo- 



morphic tangent vector Vp E TpM and every zq G C, there exists a unique 
germ /J^o of geodesic such that f3zo{zQ) = p and f3zo *{d/dz)\zo — moreover 
any continuation of f3zo is a geodesic. 

Definition 3.10 A meromorphic Riemannian manifold is complete provided 
that the Riemann surface, with L- singularities, of each geodesic starting at a 
metrically ordinary point is complete 



4 Completeness theorems 

In this section we shall be concerned with warped products of Rie- 
mann surfaces, each one endowed with some meromorphic metric: in this 
framework we shall prove a geodesic completeness criterion. Consider at 
first, like in foreword, a warped product of unit discs or complex planes 
(nili Wi, bi{u^) du' © du' + J2f=2 ai{u^)fi{u') du' du^ : in the following we 
shall denote it by 

and call it a direct manifold. We recall that 6, the a^'s and the /^'s are nonzero 
meromorphic functions, with h and the a^'s defined on Ui. Each element of 
geodesic of (p{,A) satisfies the following system of A^ o.d.e.'s in the complex 
domain: 



12 



provided that it starts at a metrically ordinary point. 
Lemma 4.1 The equations (|I|) admit the following first integrals 



(B) if = const 



iu'iz)yMu'iz)) [akiu\z))f = Ak k = 2...N 
u\z) = A, 

{u''{z))^Mu'^iz)) = A, k = 2...N ^, 

(2) 

where the A^s are suitable complex constants. 

Proof: we prove only (A); (B) is analogous. Divide the k-th equation in (|l[) 
by and integrate once: then 



{u'^iz)YMu\z)) Wiu\z))Y = {u\z,)f Uu\z,)) W{u\z,)) 



2 

■ = Ak. 



As to ^, by the first equation of ([l|) there holds 2hi{u^{z))u^[z)*u^{z) + 
h',{u\z)){u\z)f -Y.l2<{u\z))h{u\z)){u\z)fu\z) = 0; by*, already 
proved, {u\z)Y fi{v!'{z)) [ai{u^{z))\ = Ai, hence 



1=2 MU\Z))\ 

integrating once, dividing by bi{u^{z)) and setting Ai = K/bi{u^{zQ)) ends the 
proof. ■ 



Definition 4.2 A direct manifold U with metric A{u^ u ) = hi{u^)du^ 

dv} + Z]il2 (^"^'i where 6i, the a^'s and the /fc's are nonzero 
meromorphic functions is coercive provided that, for every metrically ordinary 



point Xq = (^xI...Xq^ and 



1^1 = 2 n.fTl) T 



• for every n-tuple {Ai...Af^) G such that bi{xl) 0, Ai — z^;=2 ai (x^) 
and, for each one of the two HFG's i^i and such that (i^j)^ 



the HFG's 



N 



0,1 



1,2, the Riemann surface (S*!, tti, ji, $i, W) of both 
= 1, 2; is such that P"*^ \ $i(S'i) is a finite set; 



for each k, 2 < k < N and for each one of the two HFG's (pki and (f)k2 such 



that 



■>ki 



the HFG's 



= [h] 

k 

Sxl (t^uijl) dv 



1,2, the Riemann surface {Sk.i^k^ jkj^kM) of both 



1, 2 is such that P"*^ \ $^(5'^) is a finite set. 
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Definition \4.'^ may be checked for just one metrically ordinary point Xq: this 



is proved in lemma |4.3| ; moreover, we may assume, without loss of generality 
Xq = 0: were not, we could carry it into by applying an automorphism of 
U, that is to say a direct product of automorphisms of the unit ball or of the 
complex plane, according to the nature of each Ui. Then a simple pullback 
procedure would yield back the initial situation: in the following we shall 
understand this choice. 

In the following lemma we shall use the 'square root' symbol in the meaning 



of definition [4.2| : in other words, given a HFG, which is not vanishing at some 
point, it should denote any one of the two HFG's yielding it back when squared. 



Lemma 4.3 For every metrically ordinary point (^^••.^^) of U and every n- 



tuple {Ai...A 



N) 



such that bi{xl) 7^ 0, Ai — J2i 



N 



0, A,-El2 Jt) ^ 0, set = A,- EI2 



HFG's 



and 



moreover so are, for each k, those of 



and 



the Riemann surfaces of the 
are isomorphic: 







Theorem 4.4 A direct manifold U with metric K{u^ u^) = bi{u^) du^ © 

du^ + Yl!i=2 0'i{'^^)fi{'^^) du' du" is geodesically complete if and only if it is 
coercive. 

Proof: a) suppose that U is coercive and that U is an element of geodesic, 
starting at a metrically ordinary point; moreover, let (m ^(0)... m ^(0)) be the 
initial velocity of U. Suppose at first that z 1— >• u^{z) is a constant function 
(hence m ^(0) = ): then, by lemma [4.1| , the equations of U are 



v}{z 



Ai 

u\z)ff,{u\z)) 



A. k = 2...N. 



(3) 



The Riemann surface of z \—>- u^{z) is trivially isomorphic to P^; if A^. = so is 
the one of z t— > u'^{z) is isomorphic to (P^, id, id, A) for some complex constant 



A; a Ak ^ we could rewrite the k-th equation of in the form: 

1 fuHz) 



— / 0(r/) dr] 



(4) 
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Ak, the choice of 0^ and B^. being made in such a way 
that 'u'^(O)0fc(O) = Bk. By hypothesis, the Riemann surface {Sk,T^k, jk,^k) 
of the HFG /q" (pkdv is such that P"*^ \ $i(S'i) is a finite set; by lemma 



where = fk and Bl 



^ 1) the Riemann surface of the HFG /^fc 



(O)V^ 

(5'fc,7rfe,jfc,$fe); but, by (g), the germs n^^g and 



,d7] 



^^(o) 



is isomorphic to 



/«" (0) '/'fc 



?i*(0) 



are each 



one inverse of the other; hence, by lemma |2.5| the Riemann surface of u^^q 
is complete; this eventually implies that the Riemann surface of the element 
z I — > {v}{z)...u'^ {z)) is complete too: this fact ends the proof of a) in the case 
that is a constant function. Otherwise, by lemma the equations of U 
are 

u\z)f{h,{u\z)))=A,-Y.l2,^) * 



(5) 



{u\z)f h{u\z)) [a,{u\z))r = A, k = 2...N 

for suitable complex constants Ai...An- Consider now the germ z ^ u^{z) in 
z = 0: rewrite the first equation of (H) in the form: 



(6) 



where (b?(?7)„i(o))^ = {Ai — Y.h=2 ^i/ '^liv)) /^liv) ^ neighbourhood of 2; = 0, 
the choice of the square root 'ti,^ being made in such a way that i^ui(o)('U^(0)) = 

1/^1(0). Denote now by i<„=o the HFG such that («o)^ = [^(^1 - 
the choice of the 'square root' being arbitrary. By hypothesis, the Rie- 
mann surface (S"!, tti, ji, $1) of the HFG Jq ^ is such that \ $i(S'i) 

is a finite set. By lemma ^]3| the Riemann surfaces of Jq ^ and of 

Ci are both isomorphic to (5*1, tti, ji, $1); but, by (HI), the germs 

J ^ 

and [£ l/t<o]u 1(0) are each one inverse of the other; hence, by lemma [2l^ 
the Riemann surface of w^=o complete. Let now 2 < k < N: if = the 
Riemann surface of z ^ u^{z) is isomorphic to (P^, id, id, A) for some complex 
constant A; if 7^ we could rewrite the k-th equation of in the form: 



u''{z) 
n'--(O) 



0(77) dr] 



Bk dz 
ak{u^{z))' 



(7) 



where 0^ = fk and Bl = Ak, the choice of (pk and Bk being made in 
such a way that u''{0) (f)(u''{0)) ak{u^{z)) = Bk- Denote now by [v9fc]„fe=o the 
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HFG defined by setting [v^fcl^k^o ~ [fk]u'==o^ choice of tlie "square root" 
[(/?/j]„fe=o being arbitrary. By liypothesis, tlie Riemann surface {SkyTik, jk, ^k) 

r fc 1 

of the HFG ipk is such that \ $i(S'i) is a finite set; moreover, by 

k 



lemma the Riemann surfaces of the HFG 
to {Sk,nk,jk,^k); but, by (||) the germs 



U 



2 = 



kdr] 

ru 

J?i'=(0) 



^^(O) 
k 



is isomorphic 



.d7] 



«'=(0) 



and 



/c 



Bk 



akiuHO) 



d( satisfy, in the above order, the hypotheses of lemma 



2=0 



(0) 



,dr] 



«'=(o) 



Z3| 2); moreover, the Riemann surface with L-singularities of J^k 
is complete, since the one of 

Therefore the Riemann surface with L-singularities of u^=q is complete, hence 
so is the one of z i — > {u^{z)...u 
versa, suppose that U is not coercive: then either there exists a complex n-tuple 
(^i.-.^Tv) G such that bUxl) ^ 0, Ai - E^Io "Ttt and for each one 

^ = 1,2, 



k\u''{o) complete without L-singularities. 
^^z)),: this fact ends the proof of a). Vice 



of the two HFG's i^i and such that Ci^i 



the Riemann surface {Si, vti, ji, $i) of both the HFG's 



2^1=2 ai ' 



drj 



ru 
Jxo 



1,2; 



is such that P"*^ \ $1(51) is an infinite set; or there exists k, 2 < k < N 
such that, for each one of the two HFG's [0fci]o [4>k2]o such that [4>ki]o = 
fk]o, i = (1,2), the Riemann surface {Sk,Hk,jk,^k) of both the HFG's 



lo <Pki{v)dri 



1, 2 is such that P"*^ \ $i(S'i) is an infinite set. In the first 



case the geodesic element z 1 — > U{z) = {u^{z)...u^ (z)) starting from with 



velocity {Li...Ln), such that Li 
2...N, satisfies the equation /q ^ ^ ^ 



bi(0) 



(^1 - n 



N 



^k 



=2 aiiO)- 

z, where i = 1 or i 



k 



/fc(0)afc(0)' 

= 2; by lemma 



,1/ 



5|, this fact implies that the Riemann surface of [z \ — > u"[z)\q is mcom- 
plete, hence the same holds about z 1 — > U{z). Consider now the second 
case: first construct a geodesic element z 1 — > U{z) = (0...m'^(z)...0) with 
all constant components except m'^,^ > 2. Now recall lemma to con- 
clude that z I — > u^{z) satisfies, in a neighbourhood of 2; = the equation 

^ Jq 4>ki{v) df] =, for a suitable complex constant Ak] therefore its Riemann 
surface is incomplete by lemma P?^; this fact ends the proof. ■ 



Definition 4.5 Let U and V be direct manifolds they are directly biholomor- 
phic provided that they are biholomorphic under a direct product of biholo- 
morphic functions between each Ui and each Vj. 
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Remark 4.6 Definition O is invariant by direct biholomorphism (see defini- 



tion 4.5 ) : in other words, if U and V are directly biholomorphic, then U is 



coercive if and only V is too: this is a simple consequence of 'changing variable' 



in integrals in definition 4.2 



Therefore, we could yield the following 

Definition 4.7 An equivalence class [W] of direct manifolds, consisting of mu- 
tually directly (see definition |4.5| ) biholomorphic elements is coercive provided 
that any one of its representatives is coercive. 



Our goal is now to extend definitions |4.2| and [4.7| to warped products containg 
some P^'s among their factors. Keeping into account remark [4.6| , consider 
a warped product (n^liW^A) of Riemann spheres, complex planes or one- 
dimensional unit balls, which we shall call direct manifold too; let L C {l...A^} 
be the set of indices such that lAi ~ for each I & L. 

Definition 4.8 Let Y = {y^...y^) G U: then {Y, L) is a principal multipole 
of U provided that bi{y^) = oo and fi{y'') = oo for each I G L \ {!}; A direct 
manifold (JliLi^i, of Riemann spheres, complex planes or one- dimensional 
unit balls with metric is partially projective if some one of its factors is biholo- 
morphic to the Riemann sphere P^; a partially direct manifold U is coercive in 

{ lA- li i ^ L 

opposition to the principal multipole (F, L) if, set Wi = i 7 /\ r -r • 7- 

[.i^i \\y f II ^ € -L, 

then Hill VVj is coercive in the sense of definition that is to say, belongs 
to a coercive equivalence class with respect to direct biholomorphicity. 

4.1 Warped product of Riemann surfaces 

Consider now the warped product of Riemann surfaces 

S = Si y<a2 S2 iSs X Xaj^ Sn, 

where each Si is endowed with meromorphic metric Aj: 5' metric A is defined 
by setting A = \i + J2k=2 (^k^k, and each is a not everywhere vanishing mero- 
morphic function on Sf as a simple consequence of Riemann's uniformization 
theorem, S admits universal covering \1/ : U — > S, where W is a direct man- 
ifold, endowed with the pull-back meromorphic metric \I/*A: this universal 
covering is unique up to direct biholomorphisms. 
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Definition 4.9 S is totally unelliptic provided tliat none of tlie Si is elliptic; 
L-elliptic provided that there exists a nonempty set of indices L such that Si 
is elliptic if and only if Z e L. 

If 5 is a L-elliptic warped product with universal covering \E' : U — > S, then 
{Z, L) is a principal multipole for S provided that Z E S and each Y G "^^^{Z) 
is a principal multipole for U. 

A totally unelliptic warped product of Riemann surfaces is coercive provided 
that its universal covering is coercive in the sense of definition [4.7| ; a L-elliptic 
warped product of Riemann surfaces is coercive in opposition to the principal 
multipole {Z, L) provided that its universal covering U is coercive in opposition 
to each principal multipole {Y,L) as Y runs over \E'^^(Z). 



Theorem 4.10 A totally unelliptic warped product of Riemann surfaces S is 
geodesically complete if and only if it is coercive. 



Proof: let : U — > S be the universal covering of S: by definition 
U is coercive, hence geodesically complete by theorem |4.4| . Let now 7 be a 
germ of geodesic in S, starting at a metrically ordinary point: since is a 
local isometry, there exists a germ (3 of geodesic in U, starting at a metrically 
ordinary point, such that 7 = o /3. By definition of completeness, the 
Riemann surface with L-singularities (S, vr, j, B,U) of /3 is such that \ vr(S) 
is a finite set; moreover, (S,7r,j, \E' o B,S) is an analytical continuation, with 
L-singularities, of 7. This proves that, if (S, vf, j, G, S) is the Riemann surface 
with L-singularities of 7, then P^\7f (E) is a finite set too, hence S is geodesically 
complete. On the other side, if S admits an incomplete germ of geodesic 7, 
starting at a metrically ordinary point, then there exists an incomplete germ of 
geodesic f3 in U, starting at a metrically ordinary point, such that 7 = \E' o /3; 



this means by theorem 4.4, that U is not coercive; eventually, by definition 



4.9, S is not coercive: this fact ends the proof. 



Theorem 4.11 A L-elliptic warped product of Riemann surf aces S is geodesi- 
cally complete if and only if it is coercive in opposition to some principal mul- 
tipole. 

Proof: suppose that S is coercive in opposition to some principal multipole 
{Z,L): then, by theorem |4.10| , S is coercive in opposition to {Z,L) if and 
only if S \ Z is geodesically complete; since Z is not metrically ordinary. 
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S is geodesically complete. On the other hand, suppose that S admits an 
incomplete geodesic (S, vr, j, 7, 5): let {Z,L) be a principal multipole of S 
wich is known to exist; set R = 'y~^{S \ Z) C S. Now (i?, 7r|ij, j, 7|r, 5 \ Z) is 
an incomplete geodesic of S\Z: this fact implies that S\Z is not geodesically 
complete, hence it is not coercive, that is to say, S is not coercive in opposition 
to {Z,L). The arbitrariness of Z allows us to conclude the proof. ■ 



4.2 Examples 

We show a wide class of coercive direct manifolds. To do this, we need some 
technicalities from integral calculus, hence we state: 



Proposition 4.12 Set A = 6^ — 4ac, the germ 
the following primitives, depending on a, b, c: 



^y ari'^+bri+c 



admits one of 





^ log(?7 + ^ + Y^^ + ^^ + f) + cost ^ the same branch of any branch of 
the logarithm, if a 7^ and A 7^ 0; 
f V^?7 + c + cost the same branch of if a = and & 7^ 0; 

77/ y/c + cost]^ the same branch of if a = 6 = 0. 

Let now Si, i = l..A^ be Riemann surfaces, which we suppose for simplicity 
parabolic or hyperbolic, pf.Ui — > Si their universal covering, where each 
~ C or D; finally, let 0, be meromorphic functions such that 0i o pi and 
(0i ° Pi)' 1 i = l..A^ take all complex values but at most a finite number (the 
hypothesis on phii o p^ could be weakened; even dropped, if Si is parabolic: 
see ||HAY|| , introduction). Moreover, let (oj, 6,, q) G \ i = l..A^, set 



S = Y\f=iSi, hi = Hill = Wj, p = {pi....p]y) and consider the meromorphic 
metric 

A r^^A , d(j)iQd(j)i 

A = d(j)iQ d(f)i + 2^ , 2 , , , , — • 

^ ai(pf + biCpi + Ci 

Theorem 4.13 {U,h) is coercive (hence geodesically complete). 
Proof: by pulling back A with respect to the universal covering p we get 

1 \(, ^/i2ji^ji , \{<^iopi)'f dz' Qdz' 

p k{z ...z = 0iopi dz Qdz +2^^- X2 I , , \ — • 

p[ a,(0i o p^y + bi<pi op^ + a 
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We claim that (U,p*A) is coercive: indeed, for every n-tuple {Ai...A]\r) G C 
such that (01 o pi)'(O) ^ and Ai — YJi=2 ^I'^ii'Pi ° PiY + h<Pi ° Pi + Q 7^ 0,, 
set (j) o pi = tp, there holds 

TV \ -V2 

A, -Y^Aiia^iijy + + c,){r]) W{v)dv = $ W , 

1=2 / 

where $ is one (depending on the constants Ai...Ai<^) of the holomorphic func- 
tion germs on the right hand member of proposition |4.12| . 
This fact shows that the maximal analytical continuation of — > 
$ (01 o pi[u^)) takes all P-'^'s values but a finite number, because so does the 
meromorphic function 0i and hence 0i opi; moreover, for each i, 2 < i < N, 
each one of the two HFG's ± [(0j opi)'] could be continuated to ± [(0j o Pi)'] 
which, by assumption, takes all values but at most two ones. ■ 
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